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I. APPENDIX

We provide extra details on the theoretical analysis of
the truncated diffusion process in Sec. IV-B, including the
definition of the Markov kernel for the truncated diffusion
process, and the proof of the KL contractivity.

A. Definition details

1) Markov Kernel Definition: In Sec. IV-B, we define the
k-step truncated diffusion process as a Markov kernel K((:k).
Here we provide the detailed math process. Given a sample
x and a new condition c, the probability of generating a new

sample x’ can be calculated by:
Kék) = po(X'|x, )
= / po(x', x"|x, c) dx*
xk
= / po(X'|x, x*, c)p(x*|x, ¢) dx*
xk

_ / po (", €)g(x|x) dxc*
xk

In the forth row, we remove the dependency of x in
po(x'|x,x"*, c) because the denoising process only depends
on the noised sample x* and the condition c. Similarly, we
remove the dependency of c in p(x”|x, c) because the forward
diffusion process is independent of the condition, and we
replace the notation with ¢(x*|x) to follow the convention
of diffusion models [5].

(M

2) Output Distribution Definition: Given the Markov kernel
defined above, we can calculate the output distribution from
the truncated diffusion process by applying this kernel to the
existing arbitrary distribution P(x).

Qo (X|c) ::/p(x',x|c) dx (marginalization)

p(x'|x, c)p(x|c)dx (chain rule)

—

p(x'|x,c)P(x)dx (Definition of P(x))
2

Note that in the third row, we replace the notation of p(x|c)
with P(x) because the input distribution is independent of the
condition ¢, and we use P(x) to follow the convention of
probability distributions.
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3) Identity Transition: Here we prove the identity transition
property of the Markov kernel is an identity mapping when
sampling under the same condition, i.e., Kék) o p(x|c) =
p(xle).

Kék) o p(x|c) := /p(x’|x7c)p(x|c) dx

X

:/p(x’,x\c) dx (chain rule) )

=p(x'[c) (marginalization)

B. KL Contractivity Proof

In this section, we provide a unconditional proof of the KL
contractivity that’s used in Lemma 3 in Sec. IV-B.

Proposition. (Data Processing Inequality for KL Diver-
gence [II): Let K (z'|x) be any Markov kernel, then for any
distributions p(x) and ¢(z), we have:

Dyr (Kop||Koq) <Dk (pllq) 4)

Proof. Define the push-forward distribution through the ker-
nel on 2’ as, p(z’) = [K(a/|x)p(x)dz, and similarly
q(2") = [ K(2'|z)g(z) dz. we introduce the joint distributions
P(z,2') = p(x)K (2'|x) and Q(z,2") = q(x) K (2|x).

P(z,2") = p(x)K (2'|z) = p(a")p(x|z’)
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Qo) = g K@) = i alele) O
The KL divergence between the joint distributions is:
Dgr (P(z,2") || Q(z,2"))
= /x/z/ P(x,2")log SESC: /; da’ dz
~ [ [ Ploaon BEE) 1,
(=)

(]a")
=T +1T5
~ /
T = /T y P(x,2")log gg’; dz’ dz

=Dk (|| §)



q(x|z’)

.y N LD /
/wp(x )p(x|z") log @) dm) dx ®)

Lo e og P Y g
= [ o) ([ ptala o " ac)
— [ 5 Dra (plale’) | aale’)) da

= Earnp [Di (p(ale’) || (el

Combining the two terms, we have:

Dy (P(z,2") || Q(z,27)) =
Dxw (B[] §) + Earns [Dx (p(]2) [[ g(2|2"))]
Since the KL divergence term Dy (p(z|z’) || q¢(z|z"))

€))

is non-negative, its expectation is also non-negative, i.e.
E, 5 [Dxo (p(z|2") || ¢(x]2z"))] > 0, we have:
D (P11 §) < Dk (P(z,2) || Q(z,27)) (10)

Note that by definition of the joint distributions, we have:

//
// x'|x) IOqu)Egd

D ) || Q(z,2"))

e POEE)
o) log vy '

(11)
= 2’ |x)dz’ ) p(z)lo p(@) x
‘L(LK( o) d ) pla) log 250 a
= z)lo p(@) x
—/wp( )1 gq(x)d
=DxL(pllq)
Therefore:
DxL(Kopl||Koq)<DxL(pllq) W (12)

C. Qualitative Results

Here we provide more qualitative results of the truncated
diffusion process for human motion prediction.
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Fig. 1: Qualitative results for human motion prediction. We plot the human motion history in green, the predicted human
motion in red, and the ground truth in blue. The local occupancy map is visualized by: white - obstacles, grey - free space,
dark - unknown. Each row is a method, and each column is a selected sample.
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